This paper proposes a design method of optimal DVDFB (direct velocity and displacement feedback) controller for attitude control of flexible spacecraft whose flexible solar paddles rotate at the orbital rate. The DVDFB controller with collocated sensors and actuators is known to be promising from the robust stability viewpoint even for such a linear parameter varying system. However, the optimal design method is not still well-developed. For this problem, we propose to design an optimal DVDFB controller gain based on LMI (linear matrix inequality) in the H ∞ control framework using GKYP (generalized Kalman-Yakubovich-Popov) lemma. Some numerical simulations are performed to demonstrate the ability.
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Introduction
Recently, there is a trend that spacecraft is equipped with large flexible structures such as antenna reflectors and solar paddles. In order to achieve high accuracy attitude control, we have to control flexible vibration as well as attitude. For this problem, there are many studies using H ∞ robust control theory 1) . However, general H ∞ dynamic output feedback controllers become high order. Furthermore, in order to achieve high accuracy, we have to know the accurate range of model error. Additionally, since solar paddles rotate at the orbital rate so that they continually face the sun, the spacecraft model varies according to the rotation angle. Therefore, we have to consider controlling the linear parameter varying (LPV) system. To the problem, some robust H ∞ gain scheduling controllers are proposed 2) . However, they require on-line dynamic controller scheduling.
On the other hand, when sensors and actuators are collocated, it has been known that the direct velocity and displacement feedback (DVDFB) controller guarantees the robust stability of the closed-loop system irrespective of the system parameters by virtue of the qualitative structure of the coefficient matrices of the dynamical equation
3) . Therefore, DVDFB controller is effective for robust stabilization of the flexible mechanical systems. However, systematic optimal design method of DVDFB controller is not well developed because it belongs to a class of static output feedback control problem whose optimal condition is not described by the linear matrix inequality (LMI). In this study, we propose an optimal design method satisfying mixed sensitivity problem's condition in the H ∞ control framework using generalized Kalman-Yakubovich-Popov (GKYP) lemma. The GKYP lemma provides a unified linear matrix inequality characterization for finite frequency properties of dynamical system 4) . By applying the lemma to the open-loop control system rather than the closed-loop system, the controller design condition can be described by LMI. Therefore, we can obtain the optimal solution by using a convex optimization algorithm 5) . In this paper, we extend our previous result on the linear time invariant (LTI) system 6) to the LPV collocated system, and propose two optimal DVDFB controllers for LPV system. One is the fixed gain controller (LTI-DVDFB), the other is the scheduled gain controller (GS-DVDFB). Then their performances are evaluated and compared through numerical simulations using ETS-VIII spacecraft model.
Spacecraft Model and Stability of DVDFB Control
The dynamics of flexible spacecraft having rotating flexible appendages is described by the following second order differential equation having the parameter dependent mass matrix 7) .
The matrices M, D, and K generally satisfy
for all δ . On the other hand, the attitude angle and angular velocity are obtained by the sensors which are collocated with the actuators at the central rigid body. In this case, the measurement outputs are written as
For the collocated system, the DVDFB controller is defined by
where
The closed-loop system of spacecraft model is obtained from Eq.
(1) and DVDFB controller Eq.(5)
It is known that Eq. (7) is stable regardless of its physical parameters if the system Eqs.
(1) and (4) is stabilizable and detectable 3) . This fact follows from the Kelvin-TaitChetaev lemma, since every coefficient matrix is positive definite 8) . Thus, the DVDFB controller is a highly robust stabilizing control law. However, there is no systematic optimal design method of the positive definite feedback gain matrices C d and C v . In this paper, we propose to design an optimal DVDFB controller as the mixed sensitivity H ∞ control problem. 
Controller Design
In this section, we describe the optimization procedure of DVDFB controller. First we derive constant optimal gain matrices C d and C v . This is referred to as LTI-DVDFB. Then we extend it to the scheduled gains C d (δ ) and C v (δ ) so that they correspond to paddle rotation. We name it GS-DVDFB.
LTI-DVDFB control
The standard generalized plant for H ∞ mixed sensitivity problem is depicted in Fig. 1 . The mixed sensitivity problem is defined by the closed-loop system from disturbance w to control variable z S , z T as bellow.
By using frequency response functions, the condition Eq. (8) is equivalent to
In the general H ∞ dynamic output feedback controller design method, we can apply design condition of closed-loop system Eq.(8) to the bounded real lemma and obtain the optimum controller by solving LMIs 5) . However, when the controller is static output feedback such as DVDFB control, it is difficult to obtain the optimum controller because the bounded real lemma gives a bilinear matrix inequality (BMI) which contains products of variable matrix and control gain matrix. In order to avoid this problem, we rewrite the design condition of closed-loop system Eqs. (9) and (10) by the condition of open-loop system using loop transfer function L(s). As a result, we obtain
from Eq. (9) . Similarly, we can obtain
from Eq.(10). Consequently, the design conditions Eqs. (9) and (10) are replaced with the following sufficient conditions.
The GKYP lemma provides a unified LMI characterization for finite frequency properties of dynamical systems 4) . By using the GKYP lemma, we can obtain matrix inequalities which are equivalent to Eqs. (13) and (14). Although, GKYP lemma can not be directly applied to LPV system, when the rate of parameter varying is sufficiently slow, we can apply the lemma to the LPV system, because the system can be regarded as quasi linear time invariant. For designing, we describe the open-loop transfer function L(s) by the descriptor equation
The reason why we use a descriptor equation instead of a state equation lies in the fact that the parameter varying element in M(δ ) can be localized only in E(δ ), and therefore controller design becomes easier and free from the conservative result. Using the descriptor equation Eq.(15), we first apply the GKYP lemma to the design condition in the high frequency range
Then we obtain the following LMI. 
where P = P T Q = Q T > 0 and
By assuming that M(δ ) varies in a bounded domain, we make the polytope decomposition which is described by
where matrices Ξ hi , Ξ hik , Ξ hki are as below.
Therefore, the inequality condition Eq. (22) is described by the LMIs
On the other hand, the design condition in the low frequency range is described by
However, Eq.(25) does not satisfy the restriction when we derive the LMI using GKYP lemma. Therefore, we use the approximate condition
for decreasing sensitivity. ℑ[L( jω)] means an imaginary part of L( jω). We apply GKYP lemma to Eq.(26) to obtain
It is noted that, the complex-valued LMI Eq.(27) is equivalent to the real-valued LMI as below 9) .
Moreover, by applying the polytope decomposition Eq. (20) to µ(δ ) and ν(δ ), we obtain
We apply the relations of Eqs.(28) and (29) to Eq.(27), to obtain the inequality condition
where matrices Ξ li , Ξ lik , Ξ lki are as below.
Therefore, the LMIs are described by
Thus, the optimal controller is designed by using the convex characterization of the LMI and optimizing γ h orγ l under the simultaneous LMI conditions Eq.(24), Eq.(32), Eq.(6) and Q = Q T > 0.
GS-DVDFB control
The preceding discussion is to design optimal constant gain matrices C d and C v . However, if we can schedule gains as C d (δ ), C v (δ ) according to the LPV model, it is expected to improve control performance. We can directly extend the LTI-DVDFB controller to the GS-DVDFB controller by the following procedure. The GS-DVDFB controller is defined by
The closed-loop system corresponding to Eq.(7) also satisfies robust stability condition. When C d and C v are decomposed using α i , we obtain the equation
Therefore, the matrix C of Eq. (15) is replaced with
where C i is the value at a vertex. Thus, the GS-DVDFB controller is designed by the same way as the LTI-DVDFB controller.
Numerical Study
We confirm the capability of our design methods in the flexible spacecraft attitude control problem using a mathematical model of ETS-VIII (Fig. 2) . In this study, we use the reaction wheels as actuators whose maximum control inputs levels are 0.04[N·m].
ETS-VIII spacecraft model and controller design
The ETS-VIII has two large flexible reflectors and two large solar paddles. The solar paddles rotate around the pitch axis at the orbital rate. The plant model Eq.
(1) of ETS-VIII originally consists of three attitude angles and thirty vibration modes. However, the high order model is difficult to be solved using LMI and several low frequency modes are generally enough for evaluating spacecraft attitude control performance. Therefore, we construct the low dimensional model including three rigid modes and one lowest frequency mode. For the purpose, we transform it to the global modal equation by solving the eigenvalue problem
. In this paper, we set nominal paddle angle δ 0 = 45[deg]. For the order reduction, we divide the modal coordinate ε into the control modes ε c and the residual modes ε r . According to the operation, we obtain the low dimensional model It is noted that the stability condition of Eq. (7) The varying term ∆ c (δ ) is the matrix which consists of sixteen elements. It is difficult to obtain the controller using the LMI because the polytope model of ∆ c (δ ) has too many vertices of 2 16 . For this problem, by noting that ∆ c (δ ) is the periodic function with a period of 2π, we apply the Fourier series expansion to the each element ∆ c(m,n) (δ )(m, n = 1, 2, 3, 4) of the ∆ c (δ ) as below.
Then we can obtain the approximate model having only 16 vertices. Figure 4 compares the values of ∆ c (δ ) and Fourier series approximate values when the nominal paddle angle δ 0 is 45 [deg] . We can obtain highly accurate model except the elements (1,1), (1,3), (3,1) and (3,3), whose errors of these elements, however, are very small and therefore can be neglected. Consequently, the approximate E(δ ) becomes
The polytope model of Eq. (44) becomes
In order to design the controller, we set the design parameters ω h = 10 γ h = 10 −1/2 ω l1 = 0.05 ω l2 = 0.1. The frequency weighting function V (s) is a unit matrix and W (s) is the diagonal matrix whose element is
Therefore, design conditions are as below.
We apply the GKYP lemma to Eq.(49) and Eq.(50) and optimizeγ l by using the "mincx" function of the MATLAB LMI control toolbox 9) . The nominal paddle angle is 45[deg] and the angular velocity is 360/24[deg/hour] when we design the controller.
Simulation result
The LTI-DVDFB controller and the GS-DVDFB controller are designed. In this case, we have obtained the Fig. 8 and Fig. 9 and those of the initial paddle angle 90[deg] are shown in Fig. 10 and Fig. 11 . As a result, we found that all controllers achieve the ETS-VIII mission attitude angles requirement of 0.05[deg] without exceeding the maximum control inputs of 0.04 [N·m] for all initial angles. This implies that the controllers work well for the LPV spacecraft. However, on disturbance attenuation ability, the GS-DVDFB is superior than LTI-DVDFB. This is also confirmed from the DC gain levels of the singular value plots of w to y d when the paddle angle is 45[deg] shown in Fig.  12 .
Next, we show the step response to the reference input. The reference input around roll axis is 0. Fig. 17 , where GS-DVDFB has wider band width and lager peak gain.
Conclusion
In this paper, we proposed a design method of optimal LTI-DVDFB and GS-DVDFB controller based on LMI using GKYP lemma and applied them to the attitude control problem of LPV large flexible spacecraft. They satisfy the specification of the mixed sensitivity problem in H ∞ control framework. We verified and compared the effectiveness of these controllers by numerical simulation using ETS-VIII. 
